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Abstract 

In this paper, a transformation formula under modular substitutions is derived for a large 
class of generalized Eisenstein series. Appearing in the transformation formulae are gener¬ 
alizations of Dedekind sums involving the periodic Bernoulli function. Reciprocity theorems 
are proved for these Dedekind sums. Furthermore, as an application of the transformation 
formulae, relations between various infinite series and evaluations of several infinite series are 
deduced. Finally, we consider these sums for some special cases. 
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1 Introduction 


For integers c and d with c > 0, the classical Dedekind sum s{d, c) is defined by 


s{d, c) 



where the sawtooth function is defined by 


(@)) 


a; — [a;] — 1/2, if a: £ IR\Z; 
0, if a: £ Z, 


with [x] the floor function, 
procity formula 


One of the most important properties of Dedekind sums is the reci- 

s(d,c)+s(c,d) = -i + E(^^ + h +(1) 


whenever c and d are coprime positive integers. For several proofs of (1) and generalizations for 
Dedekind sums, for example, see [3, 5, 6 , 7, 10, 11, 16, 17, 18, 20, 22, 23, 24, 25, 26]. 

Dedekind sums first arose in the transformation formulas of log 77 ( 2 :), where 77 ( 2 ) denotes the 
Dedekind eta-function. There are several other functions such as Eisenstein series, which possess 
transformation formula similar to log 77 ( 2 ;). Lewittes [21] has discovered a method of obtaining 
transformation formulas for certain generalized Eisenstein series. 

In [5], Berndt gave a different account of the final part of Lewittes’ proof. His new proof yielded 
elegant transformation formulas in which Dedekind sums or various generalizations of Dedekind 
sums appear. The results of [5] have been generalized in [7]. Berndt [13] derived a number of 
transformation formulas from the general theorem in [7]. Arising in the transformation formulae 
are various types of Dedekind sums, all of which satisfy reciprocity theorems. 

In [ 6 ] and [10], Berndt considered a more general class of Eisenstein series and developed 
transformation formulae for a wide class of functions involving characters including the natural 
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character generalizations of log r](z). In these formulas further generalizations of Dedekind sums 
appear. These sums involve characters and generalized Bernoulli functions, and possess reciprocity 
laws proved via transformation formulae. 

Also in [12] and [13], Berndt has used the transformation formulas to evaluate several classes 
of infinite series and establish many relations between various infinite series. 

The aim of this paper is to obtain a transformation formula for a very large class of Eisenstein 
series defined by 


G{z,s;Aa,Bp]ri,r2) 


f{am)f*{l3n) 

^^^_^{m + n)z + n + r2y^ 


Re(s) > 2, Im(z) > 0 


( 2 ) 


where {f{n)} and {f*{n)} , —oo < n < oo are sequences of complex numbers with period fc > 0 , 
and Aa = {/(an)} and = {/*(/3n)}. In (2), the dash / means that the possible pair m = 

—ri,n = —r 2 is excluded from the summation. Generalizations of Dedekind sums involving the 
periodic Bernoulli function appear in the transformation formulae. It is shown that these Dedekind 
sums obey reciprocity theorems. Moreover, transformation formulas contain many other interesting 
results as special cases. These results give the values of several interesting infinite series and yield 
relations between various infinite series, some of which generalize some results of [12, 13] and also 
found in Ramanujan’s Notebooks; such as 

y- Xin) y^ x{n) ^ y 

^ n (e”T'/2 + ^ n (e"®/2 + e-"®/2) 8 ’ 

which gives Entry 25 (vii) on p. 295 of Berndt [14] for 0 = 7 = tt (see Example 19). Finally, we 
consider these Dedekind sums for some special values of Aa and B/s- 

We summarize this study as follows: Section 2 is a preliminary section containing the basic 
definitions and notations we need. In Section 3, we show that the function G{z, s] Aa^ Bp^ri^r^) 
can be analytically continued to the entire s-plane with the possible exception of a simple pole 
at s = 1 . Section 4 deals with a transformation formula for the function G{z, s\ A, B]ri,r 2 )- In 
Section 5, we first investigate the transformation formula for the case s = ri = r 2 = 0, in which 
a generalization of Dedekind sum, called periodic Dedekind sums, appears. Setting s = 0 and 
ri, r 2 arbitrary real numbers in the transformation formula, new generalization of Dedekind sum 
arises, as well. Moreover, we prove the reciprocity theorems for these Dedekind sums. In Section 6 , 
concerning with some special cases of transformation formulae allows us to present several relations 
between various infinite series. In Section 7, the periodic Dedekind sums is illustrated for some 
special values of Aa and Bp. 

The definition of the Eisenstein series in (2) and the methods presented in the sequel are 
motivated by [ 6 ] and [ 10 ]. 


2 Preliminaries 

In this section, we give a brief summary for the material only needed in the subsequent sections. 
Throughout this study we use the modular transformation Vz = V (z) = {az + b) / (cz + d) where 
a, 6 , c and d are integers with ad — be = 1 and c > 0. We use the notation {x} for the fractional 
part of X, and A^, for the characteristic function of integers. The upper half-plane {x + iy : y > 0} 
will be denoted by HI and the upper quarter-plane {x + iy : x > —dje, y > 0} by K. We put 
e(z) = and unless otherwise stated, we use the branch of the argument defined by —it < arg 

Z < TT. 

Let {/(n)} = A, —00 < n < 00 be sequence of complex numbers with period k > 0. For 
jtj < 27: jk, the periodic Bernoulli numbers and polynomials are defined by means of the generating 
functions [9] 

= P) 

n^O j^O 
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and 


^ - B,{x,A) 

- I .. T- ■ 

i=o 


n—0 


j! 


(4) 


Note that, when A = I = {1} ,(3) and (4) reduce to ordinary Bernoulli numbers and polynomials, 
defined by the generating functions [4] 


t = I^I 

1 n\ 


n—O 


< 27r, 


te^ 




(5) 


n =0 


respectively. Notice that Bq{x) = 1, Si = —1/2, i?i(l) = 1/2, i? 2 n+i = B 2 n-i (1/2) = 0, n > 1, 
and Bi{x) = x — 1/2. 

Throughout this paper, the n—th Bernoulli function will be denoted by (x) and is defined 

by 

n\Pn (x) = Bn [x- [x]). 

In particular Pi (x) = x — [x\ — 1/2. These functions satisfy the Raabe or multiplication formula 
for all real x 

P„(.)=r"-gp„(^) ( 6 ) 

m=0 ^ 2 

and the reflection identity P„(—cc) = (—l)”P„(a;) except n = 1 and a; G Z, in that case 

Pi(-x) =Pi(x) =Pi(0) =-1/2. 

The periodic Bernoulli functions P„(a;,Z), are functions with period fc, may be defined by [9] 


and 


for all real x. 


k—1 

Po{x,A) = Bo{A) = ^E Am) 

m—0 

(7) 

k — 1 / \ 

Pn{x,A) = ^ f{-m)Pn f —Y~ ) ’ ^ 1 

(8) 

Z = {/(n)| by 


. k—1 

fA) = j:EBj)e {-nj/k) 

(9) 


3=0 


for —n < oo < n. These are the hnite Fourier series coefficients of {/(n)}. Clearly A also has 
period k. Note that (9) holds if and only if 


fe-i 


fin) = '^f (/) e (nj/k ), -n <oo <n. 
3=0 


( 10 ) 


3 The function G{z, s; Aa, Bp] ri, r2) 

Let Aa denote the sequence {/(an)}, —oo < n < oo, i.e., {/(an)} = Aa, a G Z. Similarly 
{/* (an)} = Ba, —oo < n < oo. We begin with a study of the function 


G(z,s;Aa,B/3;ri,r2) 


E 

m,n— — oo 


f(am)f*(/3n) 

((to + ri)z + n + ^ 2 )® 
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From the definition, we see that 


G(z,s;Aa,Bf3-ri,r2) 

OO 

= X^J{-ari) ^ f*{l3n){n + r 2 )~" 

n— — oo 

= Si + S2+S3. 

Firstly, we write Si as 


CX) OO \ 

E E + E E 

.m< —ri n— — (x> m>—ri n— — oo/ 


f{am)f*{Pn) 

((to + ri)z + n + r 2 Y 

( 11 ) 


Si = Kif{-ari) i ^ f*{Pn){n + r 2 ) ® ^ /*(-/3n)(-n + rz) * 

\n> — r2 n>r2 

= Kifi-an) {L{s,B 0 -r 2 ) + e{s/2)L{s, B^p; -r 2 )) (12) 

where 

L{s\Ap\ 6 ) = ^ f{nP){n + 9)~^, for Re (s) > 1 and 0 real. (13) 

n> — 9 

L(s] A/s; 9) can be written in terms of Hurwitz zeta function C (s, 9) as follows: Setting n = mk + 
j + [—9] + 1, 0<j<fc — 1, 0<TO<oo and using the fact [0] + [—0] = Ag — 1, it is seen that for 
Re(s) > 1 


k — 1 OO 


L{s;Ap;9) = J2Y. 


j—0 m—O 
. k 


fiHj + [-0] + Y) 

{km + j + [-0] + 1 + d)^ 




i=i 


j + {9} + Xe 


(14) 


Since the periodic zeta-function C (s. A) has an analytic continuation into the entire s-plane where 
it is holomorphic with the possible exception of a simple pole at s = 1 where the residue is 
/ (0) = Bq{A) (see [9, Corollary 6.5]), L{s;Ap;9) can be analytically continued to the entire 
s-plane except for s = 1. 

Secondly, if we replace to by —to and n by —n in S' 2 , then 


^2 


E E 


npn) 


m< —ri 


= e(s/2) ^ fi-am) ^ 


((to + ri)z + n + r 2 Y 

n-M 


m>ri 


n— — oo 


((to — ri)z + n — r 2 )^ 


Using (10) and the Lipschitz summation formula given by 




— 12-Kiz{n—T) _ 


F(s) 


n—1 


{— 2 TriY 


E( 


n= —00 




where Re(s) > 1, 2 ; G H and 0 < r < 1, we obtain 


r(s) ^ 


{w + n)® 

n— — oo 




k-1 


{-2TTi/kY'^n‘‘ ^/*(-/3j)e 


n=l 


i -0 

fc-i 


= (-27ri/fc)® ^ n" ^/*(j)e f-n/3 

n—1 j—0 ^ 

00 

= k {—2Tri/kY ^ /*(/3“^n)n®“^e 


nP '-Pj 

k 

-li 

k 
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for Re(s) > 1 , Im(r(;) > 0 and /3/3 ^ = 1 (mod/c). Thus, we have 

S 2 = ^ ke(s/2)A(^z,s;A_a,B/s-i;-ri,-r2^ (15) 

where 

A(z,s;Ac„A/};ri,r2)= f{am) ^ /(^n)e 

Similarly we deduce that 

S 3 = ^^-^^^p-kA(^z,s;Aa,B_/ 3 -i]ri,r 2 Y (16) 

Combining (11), (12), (15) and (16), we conclude that 
G{z,s;Aa,Bi 3 ;ri,r 2 ) 

= ^ (^A(^z,s-Aa,B_f 3 -i;ri,r 2 'j + e(s/ 2 )yl ^z, s; A_„, B^-i;-ri, - rz)) 

+ Ari/(-ari) {L{s-,Bp\r2) + e{s/ 2 )L{s-B^p; -r2)) ■ (17) 

Since L(s; Bp;r2) can be analytically continued to the entire s~plane with the possible excep¬ 
tion s = 1 and since ^ (z, s; r'i,r2) is entire function of s, G{z, s] A^, Bp-,ri,r2) can be 

analytically continued to the entire s-plane with the possible exception s = 1 . 

For simplicity, the function G{z, s; Aa, Bp; 0,0) will be denoted by G{z, s; Aa, Bp) and G{z, s; Ai, 
Bi;ri,r2) = G {z, s; A, B;ri,r2). 



4 Transformation Formulas 


In this section, we present transformation formulas for the function G {z, s; Aa, Bp;ri,r 2 ) ■ We 
need the following lemma. 


Lemma 1 ([21]) Let E, F, G and D he real with E and F not both zero and G > 0. Then for 
z € M, 

arg {{Ez + F) / [Cz + D)) = arg {Ez + F) — arg [Cz -I- Zl) -I- 2ttI, 


where I is independent of z and I 


1, F; < 0 and DE-GF > 0, 
0 , otherwise. 


Theorem 2 Define Ri = ari -|- cr 2 and R 2 = hri -|- dr 2 , in which ri and r 2 are arbitrary real 
numbers. Let p = p [Ri, R 2 , c, d) = {i? 2 } c — {Z?i} d. Suppose first that a = d = 0 (mod k). Then 
for z G K and all s, 


{cz + d) '^T{s)G{Vz,s;A,B;ri,r 2 ) (18) 

= r(s)G(z, s; B_b, A-,; i?i, Ra) - 2zr(s) sin(7rs)L(s; A,;-R2)f*(bRi)Aji, 

C k—1 k — 1 

+ e(-s/2)^^ ^/(c([i ?2 + d(j - {-Ri})/c] - v))f*{b{pc + j + [Ri]))I{z,s,c,d,ri,r 2 ) 

j — 1 fi—0 u—0 


where L{s; A^, R 2 ) is given by (13) and 


I{z,s,c,d,ri,r 2 ) = 


s_iexp(- {{cp+j - {Ri})/ck) {cz + d)ku) exp(((r; {{dj p)/c}) /k)ku) 


exp(—fcu(cz -|- d)) — 1 


exp(fcu)— 1 


du. 


(19) 

Here, we choose the branch of with 0 < argu < 27r. Also, G is a loop beginning at -l-oo, 

proceeding in the upper half-plane, encircling the origin in the positive direction so that u = 0 is 
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the only zero of (exp(—fcu(cz + d)) — l)(exp (ku) — 1) lying ’’inside” the loop, and then returning 
to +00 in the lower half-plane. Secondly, if b = c= 0 (mod k), then for z £ K and all s, 

{cz + (i)“'*r(s)G'(yz, s; A, S; ri, r 2 ) (20) 

= r(s)G'(z, s; Ad, Ba, i?i, i? 2 ) - 2ir(s) sin(7rs)L(s; B^a] -R 2 )f{-dRi)XR„ 

c k—1k—1 

+ e(-s/2) X! X! X] + d{j - {Ri})/c] -v-\- dp))f{-d{j + [Ri]))I{z, s, c, d, ri, r 2 ). 

j — 1 v—0 

Remark 3 Observe that the transformation formulas obtained by Berndt [5, 6, 10] are the special 
cases of Theorem 2. 


Proof. For z £ IH and Re (s) > 2, 


G{Vz,s;A,B-,ri,r 2 ) 


X 

m,n— — oc) 


{{M + Ri)z + N + R 2 ) 

cz d 


— S 


where M = ma + nc, N = mb + nd. M and N range over all pairs of integers except for the 
possibility —Ri, —R 2 as the pair m, n ranges over all pairs of integers, except for possibly the pair 
—Ti, —r 2 (since ad — bc= 1). Thus, 


G{Vz,s-,A,B-,ri,r 2 ) 


00 ^ 

= X \ 

A/T AT— — r^ V 


M,N— — co 
00 


{{M + Ri)z + N + R 2 ) 
cz -\- d 


= X f{-nc)f*{-mb) I ^cz I ^ = Oimodk), 

= X fidm)f*{an) j , b = c = 0{modk). 

m. T) — — rv^ ^ ■' 


m,n— — (Xi 

Using Lemma 1, we obtain that 


(cz + d) ‘'G{yz,s-,A,B-,ri,r 2 ) = 


3(-s) X + X 

Tn + Hi<0 

\ d{m+Ri)>cin+R 2 ) otherwisey 


f*{-mb)f{-nc) 
((m + i?i)z + n + i? 2 )® 


= G{z, s; B^b, A^c, Ri, R 2 ) + (e(-s) - 1) g (z, s; R_&, i?i, R 2 ) 

( 21 ) 


where 


g (z, s; B^b, ^-c; ^ 1 ,-^ 2 ) = 


X 


m + Ri<0 

d(m-\-Ri)>c{n-\-R2) 


f*{-mb)f{-nc) 
((m + i?i)z + n + i? 2 )® 


( 22 ) 


In (22), we replace m by —m and n by —n and separate the terms with m = Ri. Thus 
g (z, s; R_b, A^^; Ri,R 2 ) = e(s/2) {Aji^f*(bRi)L(s, A^; -R 2 ) + h{z, s; Bb, A^, -Ri, -R 2 )} (23) 

where 

h{z,s-,Bb,Ac-,-Ri,-R2)= X X 


f*{mb)f{nc) 


rrL>Ri n'>R2-\-d{m — Ri)/c 


((m — i?i)z + n — i? 2 )® 


Since Re((m — i?i)z + n — R 2 ) > 0 for a; > —d/c, using the Euler’s integral representation of r(s), 
we find for z £ K and Re (s) > 2 that 

00 

r{s)h{z, s; Bb, Ac, -Ri, -R 2 ) = X X f (^Ticj f (^TTib'j J u cxp^ (^TTi R\'jzu (^n B^^jR^jd' 


m>Ri n'>R2-\-d{m— Ri)/c 
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We set m = rn'c + j + [i?i] + 1, 0 < m' < oo, 0 < j < c — 1 and n = n' + [i ?2 + d(m — i?i)/c] + 1. 
The double sum above becomes 

c—1 OO oo 

EEE f*{b{m'c + j + [i?i] + l))/(c(n' + [i ?2 + d{m'c + j - {i?i} + l)/c] + 1)) 

J—0 m'—0 n'—O 
oo 

X J exp(—(m'c + j — {i?i} + l)zu) exp(—(n' + [i ?2 + d{m'c + j — {i?i} + l)/c] + 1 — R 2 )u)du 
0 

Replacing j + 1 by j, and using that d = 0(mod k), put m' = mk + /x, 0 < to < oo, 0 < ^ < fc — 1, 
and put n' = nk + V, 0 < n < oo, 0 < v < k — 1, we have 


r(s)/i(z, s; Bb, Ac, -i?i, -i?2) 

c k—1 k — 1 

= E E E + J + [Ri]))f{c{v + [R2 + d{j - {R,})/c\ + 1 )) 

j—1 fi—0 v—0 
oo 

X y exp(—(c/i + j — {Ri})zu — {v [R2 + d{j — {Ri})/c] + 1 — R2)u) 

0 

oo oo 

^ EE exp(—TO-fcu {cz + d) — nku)du 

m—0 n=0 
c k—1 k—1 

= E E E + J + [Rl]))f{c{v + [i?2 + d{j - {i?i})/c] + 1 )) 

j—1 fi—O -u—0 
oo 

exp {—{cfi + j — {Ri})zu) exp {— {v + 1 — R2 + dfi + [R2 + d{j — {Ri})/c]) u) 


X / u 


1 — exp(—fcM(c 2 ; + d)) 

k-l k-l 


1 — exp(—fcu) 


du 


= - E E E + j + [i?i]))/(c([i ?2 + d{j - {Ri})/c] - v)) 

j — 1 fj,—0 v—0 
00 

^ f ^^s-i exp(-(c^ + j- {Ri}){cz + d)ku/ck) exp(((i; + {{dj + p)/c})/k)ku) 


exp(—fcu(cz + d)) — 1 


exp(fcM)— 1 


c k—1 k—1 


= E E E ^ + d{j - {R^})/c\ - 

7 = 1 n—Q v—0 ^ ^ 


(24) 


where 

r/ J ^ /" j-{Ri})/ck)icz + d)ku)exp{{{v + {{dj+ p)/c})/k)ku) ^ 

I[z,s,c,d,ri,r 2 ) = / u -;—;—;-^-:- 7 ;—^-:- du. 


exp{—ku{cz + d)) — 1 


exp (/cm) — 1 


Here, in the next to the last step, we have multiplied the numerator and denominator by exp(fcu) 
and then replaced /c — 1 — u by u. In the last step, we have used a classical method of Riemann 
to convert the integral over (0,oo) to a loop integral [27]. Combining (21), (23) and (24) we 
deduce (18). By analytic continuation the result is valid for all s. The proof of (20) is completely 
analogous. ■ 

We will also need the following theorem whose proof is similar to the proof of (18). 


Theorem 4 Under the conditions of Theorem 2, for a = d = 0 (mod k) we have 


(cz + d) ^T{s)G{Vz,s-,B_p,A_a;ri,r 2 ) (25) 

= r(s)G(z, s; Aab, Bpc, i?i, R 2 ) - 2 ir(s) sm{Trs)f{-abRi)L{s, B^p^,-R 2 ) 

c k—1k—1 

+ e{-s/2)'^'^'^ f{-ab{ij.c + j + [Ri])) f* {-/3c{[R2 + d{j - {i?i})/c] - v))I{z,s,c,d,ri,r 2 ), 

j —1 fi—0 v—0 
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where I{z,s,c,d,ri,r 2 ) is given by (19). 

Additionally, setting a = d = 0 and c = —6 = 1 in (25), we have 

z“®r(s)G(-l/z, s; A_„; ri,r 2 ) 

= r(s)G(z, s; i?i, -R 2 ) - 2iT{s) sin(7rs)/(ai?i)A(s, -R 2 ) 

k—1 k — 1 

+ e{-s/2)'^'^ f{a{fi + 1 + [i?i]))/*(-/3([i?2] - v))I{z, s,l, 0 ,ri,r 2 ). (26) 

fl—0 i;^0 


5 The periodic analogue of Dedekind sum 

Our main results can be simplified when s is an integer. In this case, I{z,s,c,d,ri,r 2 ) can be 
evaluated by the residue theorem with the aid of (5). Therefore, if s = —N, where TV is a 
nonnegative integer, a simple calculation yields 


/(z, —TV, c, d, ri, r 2 ) = 27rifc^ ^ iT„ 

m+n=iV+2 


CH + j - {Ri}\ f V + {{dj + p)/c}\ {-{cz + d)) 

-D 


ck 


m — l 


m\n\ 


(27) 


From which it is seen for s = —N that Theorem 2 is valid for z £ HI by analytic continuation. 


5.1 The case s = ri = r 2 = 0 

For s = n = r 2 = 0, (27) becomes 


/(z, 0, c, d, 0, 0) = —- 


,B2 


cz - 


u + {dj7c} \ 
k 




Tri{cz+d)B2 


cp + j 

ck 


+2TTiBi 


cp + j 

ck 


Bi 


^ + {dj/c} \ 
k )■ 


To begin with, let us consider the case a = d = 0 (modfc). Then, (18) can be written as 


liniF(s) (-—^-^G(lVz,s; A,B) - G(z, s; 

s-i-o (cz + d) / 

c k—1k—1 

= —2if*{0) lira r(s) sin(7rs)T(s, A^, 0) + EEE f*{b{pc + j))f{c{[dj/c] - v))I{z, 0, c, d, 0, 0). 

j—1 fl—0 v—0 

(28) 


We shall evaluate the triple sums in (28). Let 

c k—1 k — 1 

E E E +■?’)) f (c(Kj)/c] - -c)) (- 

j—1 fl—0 u —0 


cz + d 


-.B 2 


V + {dj/c} 


— TTi{cZ + d)i?2 

= ri + T2 + r3. 


Cd+j 

ck 


+ 2TTiBi 


cp + j 

ck 


Si 


V + {dj/c} 


Firstly, 


T^ = 


~^^ CZ + d E E /*(^(dC + d)) E ~ ( 

j—l fl—0 v—O ^ 


[dj/c] 


k-1 


-7r*77^fcSo(S) ^^"/(c([dj7c] - v))P 2 

J — 1 i;^0 


= —TTZ 


cz + d 
2 

cz + d 


k 


c k — 1 

fcSo(S)^^/(-C^)P2 

J = 1 i;^0 


V + dj/c 
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For the convenience with the notation Pr{x,A), denote the sum over v as Pr{x^Ac), namely, 

fc-i 


fc’’ ^ ^ f{—cv)Pr 




V + X 

k 


— Pr{x, Ac). 


Note that Pr{x^Ai) = Pr{x,A). Thus, for (d,c) = 1 and d= O(modfc), 

c k—1 c 

Pr (dj/c, A,) = ^ fi-cv) Y, Pr 




A;-l 


i=i 


V + dj jc 


1)—0 j—l ^ 

k-l 


v —0 

= C^-^Pr{0,A). 

Therefore, with the use of Pr (0, A) = {—l)^Br{A)/r\, for r > 2 or r = 0 [9, Eq. (2.12)], 

Tri 


Ti =- 


c (cz + d) 


Bo{B)B2{A). 


Secondly, using (7) and (6) 

C k — 1 / .N AC—i 

T 2 = -7rz(cz + d) nh(rc +j))Bj fMidj/c] -,)) 


k-l 




71 = 0 


\ ck J 

- 27 ri(cz + d)fci?o(^) ^ f*{—bn)P2 

n—0 

= —27ri(cz + d)kBo{A) EE f*{-bm)P 2 

m —0 v —0 


c/c—1 


27ri, 


=-(cZ + d)Po(^)i" 2 ( 0 ,Pfc). 

c 


Finally, 


(27rt)-iT3 

fc-1 k-l 


EEE /*(6(^c +j))/(c([d77c] -v))Bi 

d—1 <»—n 11—n \ / \ / 


j = l /J,=rO = 0 

i=l A‘=0 

fc -1 


\ ck J 

+ E +o)Bi (E (E 


k-l 


^ - Mj/c] + dj/c 


fi—0 
k—1 c 


v —0 
k-l 


EErwMc+d)m (Er^) E/(—( 

fj,—0 j—l ^ -u—0 

+ p,(o, A,) y: nbcd) {bi (i) - (f)} ■ 


u + dj jc 
k 


So, 


r3 = 2^i|]r(6n)Pi(^)Pi +2^*r(0)Pi(0,A7. 

n=l ^ ^ 


( 29 ) 
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Then, we find that 


Ti + Ta + T 3 = - 


TT? /iri 

. M B)B 2 {A) -—{cz + d)Bo{A)P2{0, B,) 
c{cz + a) c 


+ 2^i|],r(6n)Pi +2^*r(0)Pi(0,A,). 


n—1 


(30) 


Definition 5 Let c and d be coprime integers with d = 0 (mod k) and c > 0. For be = —1 (modd), 
the periodic Dedekind sum s (d, c; Bh^ Ac) is defined by 


{d,c-,Bt,Ac) = f2ribn)P, (^) pJ^^AcV 

n—1 ^ ' 


We emphasize that the sum s{d,c;B,A) has been defined by Berndt [11, Section 7] without 
restrictions ad — be = 1 and a = d = 0 (mod k). 

To compute L{0;A/j;9) we utilize (14), the formula ( (0,0) = 1/2 — 0 = —Pi (0), 0 < 0 < 1, 
and Pi (1 — 0) = — Pi (0). We then see that 


P(0; 0) = - ^ fW (J - [0] + Ae))Pi ( 

j=o A 

= - E U - M+M (' - '" ‘ t" 


i-0 
k-1 

'£f{-Hj + ^ + [o]-X9))Pi 
1=1 
k-1 

'3 


j + 1 - {0} - Xe 


+/(-/3 (1 + [0] - Ae))Pi 


1=0 


= Pi(-0,Al^). 


1 - {0} - A, 


(31) 


Therefore, we have 


- 2if*{0) lim sr(s)^^^^^^^7rL(s; Ac;0) = -2l7r/*(0)Pi (0, Ac). 

s->0 STT 

Next, substituting (30) and (32) in (28) gives 

lim r(s) ({cz + d)~^G(Vz, s; A, B) — Giz, s; P_b, A_c)) 

s—>-0 ' ' 

TTZ 27rz 

= 27rls (d, c;Pb,Ac)--— 7 -Po(P)P 2 (A)-(cz + d)Po(A)P 2 (0,P&). 

c(cz + d) c 

The second case we will consider is 6 = c = 0 (mod k). Now (20) becomes 
limr(s) {[cz + d)~‘‘G{Vz, s] A, B) - G[z, s; Ad, Ba)) 

s^O 

= —2if*[0) lim r(s) sin(7rs)P(s; B-a] 0) 

s—>-0 
c k—1 k — 1 

+ X] X] X] /*(“®(M-?'/c] + 11 + dp))f{-d{pc + j))I[z, 0, c, d, 0,0). 

j—1 /X—0 u—0 


(32) 

(33) 


(34) 


Let 


c k—1 k—1 

XXX .f{-dj))f*{-a{[dj/c] -v + dp)) ( -ni{cz + d)P 2 

j — 1 /X—0 v—0 


cp + j 
ck 


TTZ 


1 P 2 


{dj/c} 


cz + d 

= T4 + T5+Te. 


+ 27rlPi 


cd + 3 
ck 


Pi 


{dj/c} 
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Similar to Ti, T 2 and T3, it can be obtained that 


T 4 =- {cz + d)Bo(^)^ 2 ( 0 , Ad), 

c 

cfc / rl \ 

Tg = 27rz ^/(-dn)Pi (^) + 2^*/(0)A (0, P-a) • 

Definition 6 Let c and d be coprime integers with c = 0 (mod/c) and c > 0. For ad=l (mode), 
the periodic Dedekind sum is defined by 


{d,c-,Ad,Ba) = J2fidn)Pi[^)Pi ■ 

n—1 ^ ' 


Consequently, we have 

Sttz 

^4 + ^5 +^6 = 27ris{d,c; A^d.B^a) - {cz d)Bo{B)P2{0, Ad) 

c 

TTZ 

- , ^,, Po(P)P2 (A) + 2^^/(0)Pl (0, P_a). 

c{cz + d) 

From (32), the following equality holds 

- 2i/(0) lim r(s) sin(^s)P(s; P_„; 0) = -2z7r/(0)Pi (0, P_a) • (35) 

s—>-0 

Substituting these in (34) gives 

limr(s) {[cz + G{Vz, s\ A, B) - G{z, s] Ad, Ba)) (36) 

s-fO 

CZ d TTZ 

= 27ris [d, c; A_d, P-a) - ^ni -Po(P)P2(0, Ad) - - -—Po(P)P2(4l). 

c c[cz + d) 

We summarize the results obtained above in the next theorem. 

Theorem 7 Let zSiHI. If a = d = 0 (mod k ), then 

lim r(s) {[cz + d)-^G[Vz, s; A, B) - G[z, s; P_b, A_e)) (37) 

s^O ^ ' 

TTZ CZ “1“ d 

= 2TTis [d, c; Bb, A^) - —^--^^^Bq[B)B 2 [A) - 27ri—-— Bq[A)P 2 (0, Bt) ■ 


If b = c = 0 (mod k), then 

limr(s) {[cz + d)~‘'G[Vz, s; A, B) - G[z, s; Ad, Ba)) (38) 

TTZ CZ d 

= 2ms [d, c; A^d, B^a) -- — wPo(P)P 2 (^) - 27ri-Po(P)P 2 ( 0 , Ad). 

c[cz + d) c 

Now we are ready to prove a reciprocity formula for s [d,c] Bb, Ac) analogous to that of the 
previous Dedekind sums. 

Theorem 8 Let c and d be coprime positive integers with d=0 (mod/c). For be = —1 (mode?), 
rS ( c, d, Ac, B—b) (c?, c, Bb, Ac) 

= Pi (0, B_b) Pi (0, A_c) - -Bo[A)P2 (0, Bb) - -Mo (P) P 2 (0, Ac) - ^Po(P)P2(4l). 

c d zde 
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Proof. Let Tz = V (—1/z) = {hz — a)/{dz — c). Replacing z by —1/z in (37) gives 

lim z*r(s) (F (-1/z), s; A, B) - z'^G (-1/z, s; i?_b, A_,)^ 

= 27ris (d, c; R&, Ac) - niz ^ — -Bq{A)P 2 (0, Bb) 

c [dz — c) cz 

and replacing Vz by Tz in (38) gives 

limr(s) { ^ s G{Tz,s;A,B) - G{z, s; A_c, Bb)'] 

s^o \ [dz — c) ) 

= 2ms (-C, d; Ac, B^b) - ~ “ c)Bq[B)P2 (0, A^c) ■ 

Lastly, the following limit needs to be computed 

limr(s) (z“®G(-l/z, A_c) - G(z, s; A_c, Rb)) • 

For s = n = r 2 = 0, /3 = 6 and a = c, (26) and (27) become 
lim r(s) f ^G(-l/z, s; B_b, A-c) - G(z, s; A^c, -Bb)) 

s->-0 \Z^ ) 

fe -1 fc -1 

= -2*/(0) lim r(s) sin(7rs)L(s; R_b; 0) + /(c(lt + l))f*{bv))I{z, 0,1, 0,0, 0) 

s—>-0 

fx—O v—0 


and 

/(z,0,l,0,0,0) = --i? 2 (J 

respectively. It is obvious that 


(^) + (^) (B' 


fc—1 fc—1 

+ 1 )) Y (^) 

/ j ,—0 u —0 

k—1 k—1 

Yr(.bv)Y.fi<d + n)B2 

v—O fi—0 



2Bo{A)P2{0,Bb), 
2Bo {B)P2 {Q,Ac) 


(39) 


(40) 


(41) 


and 


^ r{bv)B, (£l Y / W/^ + l))5i (^) = Pi (0, B_b) Pi (0, A_,) + / (0) Pi (0, P_b). 

Then (41) takes the form, with the help of (35), that 

lim r(s) (i-G(-l/z, s; P_b, 0,0) - G(z, s; Pb)) (42) 

s-i-O \^z® / 

27rz 

= 27riPi (0, P_b) Pi (0, A_,)-Po(4l)P2 (0, Pb) - 27rizPo (P) P 2 (0, A,). 

z 

Thus, using the fact that 

liin z''r(s) ( ^ s G {Tz, s; A, B) - G(z, s; A_c, Bb)) 

s-io \ [dz — c) J 

= lim z^T[s) { ^ G[V (-1/z), s; A, P) - -G (-1/z, s; P_b, A_c)) 

s->-o \ [dz — c) z® / 

+ lim z'*r(s) (^G (-l/z, s; B^b, A_c) - G(z, s; A^c, Pb)) , 
s^O \ z® / 
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it follows from (39), (40) and (42) that 
s ( c, d, -Ac, -S_^) s (d, c, -Ac) 

= Pi (0,-B_fa)Pi (0, A_e) - :^Bo(B)S2(A) - -BoiA)P2 iO,Bb) 

2 iCLC z 

- zBo (B) P 2 (0, A,) - — {dz- c) BoiA)P 2 (0, Bt) P^idz- c)Bo{B)P 2 (0, A.,). 

CZ a 

From this, the reciprocity formula follows by setting z = cjd. ■ 

Remark 9 The reciprocity formula may be stated as 
s (c, d] Ac, Bb) + s {d, c; Bb, Ac) 

= -Pi (0, B_b) Pi (0, A.c) + ^Bo{B)B 2{A) + -BoiA)P2 (0, Bb) + (B) P 2 (0, Ac) - /(0)Pi (0, B). 

Zac c a 

Indeed, if we use that for x ^ Z, 

^“1 / I \ 

Pi {-X, B_b) = n-bv)Pi (-^) = -Pi {x, Bb) 

and for x € Z, 

Pi {-x,B_b) = f*(bv)Pi (^) + rixb)Pi (0) 

D^a:(mod k) 

= - E ri-bv)Pi (^) +r{xb)Pi ( 0 ) 

ai(mod fc) 

fc-1 / I \ 

= -Y,r{-bv)Pi (^]+2r{xb)Pi{o) = -Pi{x,Bb)-r{xb), 

then we deduce that 

s (-C, d- Ac, B^b) = -s (c, d; Ac, Bb) - f{0)Pi (0, B), (43) 

where we have used that d = 0 (mod k) and bc=—l (mod k). 

Remark 10 Berndt [11, Theorem 7.3] has derived a reciprocity formula for the sum s{c,d;A,B) 
without restriction d = 0 (mod k) by using Riemann-Stieltjes integral. 

5.2 The case s = 0, and ri and r 2 arbitrary 

Let s = 0, and ri and r 2 arbitrary. From (27) we have 


I{z,Q,c, d, i?i,i? 2 ) 


T + m + piM \ _ ^ lEPlIziMl 

+ 2,jB. B, (ilMzAlAj ^ 


(44) 


Let us consider the case a = d=0 (modfc). Then, (18) can be written as 
limr(s) ( -- ^—^G{Vz,s;A,B;ri,r 2 ) - G{z, s; B^b, A^c, Ri, R 2 )] 

s->o [CZ + d) ) 

= —2if*[hRi)Xm lim r(s) sin(7rs)L(s; Ac, —R 2 ) (45) 

S -40 

c k—1k—1 

+ EEE f*{b{p.c + j + [i?i]))/(c([R 2 +d{j - {i?i}) /c] - v))I{z, 0, c, d, i?i, i? 2 )- 

j—1 fi—0 v—0 
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Now we evaluate the triple sums in (45). Let 

c k—1k—1 

E E E j + [^i]))/(c([^2 + du- {R,}) /c] - v)) 

j—l fi—O v—O 

X (-^B, ( '•+m*p)icy \ _ 

\ CZ Cl J V CrC J 

+2,ii3i B, (^Ii±iWLt£)M^ j 

= T7 + r8+T9. 


Since {dj + p) /c = d{j — {i?i}) /c + i ?2 — [.R 2 ], we conclude that 


T7 = - 


cz + d 


t, T. +<i (i - {RiH /<=] - ( !i±M±dM) g 


j=l V—O 


i + [Ri])) 


IL—0 


7 = 1 ^;=0 ^ ^ 


CZ d 

J — l v—V 

Thus, for (d, c) = 1 and d = mk (since d = 0 (mod/c)) it follows from (6) that 


T 7 


2TTi N {cv + CR 2 — mkRi , A 

(- 1 -+ m iR.lj 

V / ?; = 0 ^ ^ 

27rz 

-^-—Bo(B)-P 2 (ci ?2 - di?i, x4). 

c {CZ + d) 


Again utilizing (6) we have 


Ts= m{cz + d) EE f*{b{pc + j + [Ri]))B 2 

j=l fi=0 ^ ^ 

k-1 

^ E [^2 + d (j - {Ri}) /c] - v)) 

V—O 

= —2'Ki{cz + d)kBo{A) ^ f*{bn)P 2 (-— 

= —2'Ki{cz + d)kBo{A) EE ribr)P2 {1 + ^^^) 

v—Or—1 ^ 

27rz 

=- {cz + d)Bo{A)P 2 {Ri, Bb). 

c 

We now consider 


c fc— 1 fc— 1 

(2.g-T9 = EEE ribipc + J + [Ri]))f{c [R 2 + d (j - {i?i}) /c] - v)) 

j—l fi—O V—O 

X Bi + J ~ {-^ 1 } ^ + {{dj + p) /c} '^ 


We want to replace i?i valid except for i?i S Z, /r = fc — 1 

and j = c. If Ri £ Z, firstly separate the term j = c, then write Pi ( £l£±i:ilAi} j place of 
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Bi ^ ^ ’ Is-ter add and subtract the term j = c. Then 


c A ;—1 k — 1 

Tg = 2TTi EEE f*{b{fic + j + [Ri]))f{c{[R 2 + dj/c] -v))Pi 

j—1 fi—0 t;—0 

+ 2^iPi(i?2,A,)r(&i?i). 


CM + J - {^ 1 } 
ck 


Pi 


v + {{dj +p) /c} 


Therefore, for arbitrary real number i?i, we have 
T9 = 2^*^^'r(6(/rc + j + [i?i]))Pi 

j=l 11=0 ^ ^ 

X ^ f{c ([P 2 + d{j- {Pi}) /c] - ^;))Pi + ^ 27riPi(P2, A,)r{bR^)XR, 

= 2^i^r{bn)Pi h^^\p^ +27rzPi(P2,A,)r(6Pi)Afl,. 

Definition 11 Let c and d be coprime integers with d = O(modfc) and c > 0. For be = — 1 
(mode?), the generalized periodic Dedekind sum s {d,c; Af,, Ac, x,y) is defined by 


s {d, c; Ab, Ac; x,y) = 'Y' f(bn)Pi 


ck 

E. 

n—l 


ck 


Pi 


y) 



Note that s {d, c; A^, Ac; 0,0) = s {d, c; Ab, Ac) . Moreover s {d, c; Ab, Ac, x, y) is the natural gen¬ 
eralization of the generalized Dedekind sum s {d, c; x, y) [24, 5] and of the generalized Dedekind 
character sum s {d, c; x, X'i v) [6]- 
So, we have obtained that 

QiTtz 

Tr + Ts + Tq = 2Tris {d, c; Bb, Ac, R 2 ,-Ri) -- —Bo{B)P 2 (cR 2 - dRi,A) 

c [cz + d) 

- (cz + d)Bo{A)P 2 {Ri ,Bb) + 2ttiPi {R 2 , Ac)/* {bRi)XRi • (46) 

c 

On the other hand, (31) gives 

lim P(s; Ac;-P 2 ) = Pi{R 2 ,Ac) 

s ->0 

and then 


- 2iXRj*{bRi) limr{s)sm{TTs)L{s;Ac;-R 2 ) = -2iTrXRj* {bRi)Pi{R 2 , Ac). (47) 

s —>-0 


Next, combining (45), (46) and (47) yields 
1 


lim r(s) 

s ->0 


{cz + d) 

= 2'Kis {d, c; Bb, Ac, R 2 , —Pi) — 


G{Vz, s; A, B; ri,r 2 ) - G{z, s; B^b, A_c; Pi, P 2 ) 

27ri 


27ri 


Bo{B)P 2 {cR 2 - dRi,A) - {cz + d)Bo{A)P 2 {Ri,Bb). 

c {cz + a) c 

(48) 


Now, let us consider the case b = c = 0 (modfc). Then, from (44), (20) can be written as 

limr(s) ( -- ]—^G{Vz,s;A,B;ri,r 2 ) - G{z, s; Ad, Ba, Ri, R 2 )] 

s^o \ [cz + d) ) 

= —2if{—dRi)XR, lim r(s) sin(7rs)P(s; P_o; —P 2 ) 

c k—1k—1 

+ EEE f*{-a{[R 2 + d{j - {Pi})/c] -v + dp))f{-d{j + [Ri]))I{z,0,c,d,Ri,R2). (49) 

j — 1 /I—0 17—0 
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Similar to (47), we have 


Let 


2iXR^f{-dRi) limr(s)sin(7rs)L(s;i3_a;-i?2) = -2TTiXR^f{-dRi)Pi{R2,B_a)- (50) 

s—>-0 


c k—1k—1 

EEE /*(-a([i ?2 + d{j - {i?i})/c] -v + dfi))f{-d{j + [i?i])) 

j—l fi—0 v—0 


TTl ^ 

X I- :B2 


cz + d 
+2TriBi 


V + {{dj + p) /c} 


c^^ + j- {-Ri} 


ck 




— 7ri(cz + d)i?2 
v + {{dj + p) /c} 


c^^+j- {-Ri} 

ck 


= Tio + Til + Ti2. 


To compute Tio, we first evaluate the sums over p and over v, respectively, and then use the facts 
B 2 ({ 2 ;}) = 2 T 2 (x) and p = c{i? 2 } — d{Ri} , to find that 


fc-i 


Tio = — 


cz + d 


k-l 


EE/(-<■?■+ 


j—l 


V + {{dj + p) /c} 


X E + d{j - {i?i})/c] - -u + dp)) 

fi—0 

'd{j - Ri) 


27rz 


:BoiB)J2f{-dj)P2 

J=1 


+ {i?2} . 


CZ + d 

Now, setting c = qk (since c = 0 (mod fc)), then taking j^pk + r,0<p<q — 1, 1 < r < k, gives 


Tio = -- 


27rj 


q—1 k 


Bo (S)EE/(-^^)^2(^ 


cz + d 

2TTi Bq (B) 
cz + d q 


^—0 r=l 
k 


dp d{r — Ri) 


J2.f{-dr)P2 


r—1 


qk 

dr — dRi + ci ?2 


+ i?2 


27rz 


-Bq (T) P 2 (ci?2 — dRi, A). 


c {cz + d)' 

Secondly, for computing Tn, evaluate the sums over v and over p, respectively, to find 

C fc—1 


Til = -Tri{cz + c?) E E + iBi]))B2 

j=l 

k-l 


cp+j- {Ti} 


ck 


X ^ /*(-a([i ?2 + d{j - {i?i})/c] - u + dp)) 

V—0 

OiTTlr 

= - {cz + d)Bo {B) P 2 {-Ri,Ad). 

c 
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After similar arguments in evaluating Tg, we deduce for arbitrary real number i?i that 

c k— 1 k —1 

Ti2 = 27ri EEE /*(-a([i?2 + d{j - {Ri})/c] - u + dfi))f{-d{j + 


j—l ^—0 v—0 

X Pi 


cn + j-{Ri}\ f V + {{dj + p)/c} 


ck 


+ 27rjPi(i?2, B-a)/(-d^i)Afli 


= 2TTif2fi-d{n+[Ri]))Pi 

n—1 v—0 


V + + i ?2 


+ 27riPi(i?2, B_a)f{-dRi)Xn^ 


ck 


= 2TTi E f{-dn)Pi 


- dii\ o f d{n- Ri) 


ck 


P 


+ i?2,S_o I +2TriPi{R2,B^a)f{-dRi)XR^. 


Definition 12 Let c and d be coprime integers with c = 0 (modfc) and c > 0. For ad=l (mode), 
the generalized periodic Dedekind sum s (d, c; Ba] x, y) is defined by 


ck 


s (d, c; Aa, Ba, x,y) = '^ f{dn)Pi 
So, we have obtained 


n=l 


'r>' + y\ o fdin + y) 


ck 


Tio + Til + Ti 2 — 27ris (d, c; A_(i, B-a', R 2 , —Ri) — 


2TTi , 


Pi 


2TTi 


x,Bc 


c {cz + d) 


Bq [B) P2 (ci ?2 — di?i, A) 


-(cz + d)To (T) P2i-Ri,Ad) + 27 riPi{R 2 , B_a)f{-dRi)XR, . (51) 

c 


Combining (49), (50) and (51) yields 

1 


lim r(s) 


0 \{cz + dY 


G(yz,s-,A,B-,ri,r2) - G{z, s; Ad, Ba] Ri, R2) 


= 2 TTis (d, c; A_d, B^a] R2, -Ri) - 


2TTi 


c (cz + d) 


Bq (T) P 2 (ci?2 — dRi, A) 


27rz 


{cz + d)Bo {B) P2{-Ri,Ad). 


(52) 


We now derive a reciprocity formula for s (d, c] Bh, A^] R 2 , Ri) ■ 

Theorem 13 Let c and d be coprime positive integers with d = 0 (mod/c). For bc = —l (modd), 
s (-C, d; Ac, B^b]-R i,-R 2 ) - s (d, c; Bb, Ac] i? 2 , -i?i) 

= Pi {R2,B_b)Pi (-Ti, A_c) - ^Bq{B)P2{cR 2 - dRi,A) - -Bq{A)P 2 {R2,B_b) - ^Bq (B) P 2 (i?i, Ac) . 

cd c a 

Proof. Replacing z by —l/z in (48), 

1 


lim zT(s) 

s—>-0 


(dz — cY 


G {Tz, s] A, B] ri,r2) - z-^G (- 1 /z, s] B_b, A_c] Ti, R2) 


Sttz (z Sttz 

= 27ris (d,c]Bb,Ac]R 2 ,-Ri) - 7-1 -rTo(T)T 2 (ci ?2 - dRi,A) -(dz - c)BQ{A)P 2 {Ri,Bb). 

c [dz — c) cz 


(53) 


Replacing Vz by Tz in (52) 
1 


lim r(s) 


0 \{dz — cY 


G{Tz, s] A, B] ri,r 2 ) - G{z, s] A_c, Bb] R 2 ,-Ri) 


Sttz 1 Sttz 

= 27ris {-c,d]Ac,B^b] -Ri, -R 2 ) - -r^ - Bq{B)P 2 {cR 2 - dRi,A) - T^dz - c)Bq{B)P 2 {-R 2 , A^c)- 

d dz — c d 

(54) 
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Computing the equation (26) ior /3 = b, a = c and the limiting case s = 0 gives 

lim r(s) ( ^G{-l/z, s] B^b, ^-c, i?i, -R 2 ) - G{z, s; A_c, Bb\ i? 2 , -i?i) 
= — 2j/(ci?i)Ai{, lim r(s) sin(7rs)L(s; i3_b; —i? 2 ) 

fc-i fc-i 

+ EE f{c{fi + 1 + [i?i]))/*(-6 ([i? 2 ] - v))I{z, 0,1,0, Ri, R 2 ) 

v—0 


where 


(55) 


/(z, 0,1,0, Ri, R 2 ) 

= + - ^^zB2 + 27r*Si ■ 

As in before, we have 

EE /(c(a. + 1 + [Ri\))r{-h {[R 2 ] - v))B 2 (= 2 Bo{A)P 2 (i? 2 , B_b), 

EE n-b ([i? 2 ] - t'))/(c(M + 1 + [Ri]))B 2 = 2^0 (B) P 2 (RuA,) 

fl—O ^ 

and 

Z rhb (iR.i - vm E m ,+1 + 

= Pi (i?2, B-b) Pi {—Ri, A_c) + f {cRi)X{{^. 

From (47) we have 

-2i/(ci?i)A_Ri lim r(s) sin(7rs)L(s; B_f,; -R 2 ) = -27rif{cRi)XR^Pi (i?2, B_t,). 

s —>0 

Thus, combining above in (55) gives 

limr(s) ( ^G(-l/z, s;B_b, A_c,i?i,i?2) - G(z, s; A_c, i?2,-i?i) ) 

Y 2:* / 

Sttz 

= 2TTiPi (i?2, B_b) Pi (-i?i, A_,)- Bo(A)P 2 (i?2, -B_fa) - 2^i0Bo (B) P 2 (i?i, A,). (56) 

z 

Taking into account that 

lim z®r(s) ( —^G (Tz, s; A, B\ ri, r 2 ) - G(z, s; A_c, Bt] R 2 , -Ri)] 

s->o Y [dz — c) J 

= liin z'*r(s) ( ^ .s G(V (-1/z), s; A, B\ ri,r 2 ) - ^G (-1/z, s; B_b, A-^; i?i, -R2)) 

[dz — c) z® / 

+ lim z®r(s) ( ^G (-1/z, s; B^b, A_c; i?i, -R2) - G(z, s; A_c, S?,; i?2, -l?i) ) , 
s^O \Z^ J 

(53), (54) and (56) entail the reciprocity formula by setting z = cjd. ■ 


6 Some series relations 

In this section we illustrate some transformation formulas of A (z, s; A^, Bp) := A (z, s; Aq,, Bp- 0,0) 
for the special values of A = {/(n)} and B = {/*(n)} by using (17) and (18) or (37). As 
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applications of these formulas we present several relations between various infinite series. For the 
rest of this paper we assume that a = d = 0 (mod k) with ad — be = 1 and xo denote the 
principle character of modulus k > 2, i.e., 

Jl, if (n, fc) = 1 

We hrst write r(s)G'( 2 :, s; A, B) and r(s)G( 2 , s; A_c) in terms of A (z, s; Aa-, Bp). Put L(s; Ac) = 

L{s; Aa] 0). From (17), for a = fd = 1 and ri = r 2 = 0, 

r(s)G(z, s; A, B) = {—2m/ky k (^A (^z, s; A, B-i'j + e(s/2)A ^z, s; A-i,B'j'j 

+ r(s)/( 0 ) (L(s; B) + e{s/2)L{s- i 3 _i)) ( 57 ) 

and for a = —c, j3 = —b and ri = r 2 = 0 , 

r(s)G( 2 ;, s; B_b,A_c) = {-2'Ki/ky k (^A (^z, s; S_6, + e{s/2)A s; 

+ r(s)/*(0) (L(s; A_c) + e{s/2)L{s- Ac)). (58) 

1. Let A = xi = {xi(''T-)} and B = X 2 = {X 2 {n)} , where xi and X 2 are Dirichlet characters of 
modulus fc. It is clear from (9) that 

k— 1 

^ E X(«)e-""™/" = iG(-n, x), (59) 

v—0 

where G(n, x) is the Gauss sum. Then 

{Xi {-yG{n,xi)/k} = xi (-l)Gi/fc and B = {x 2 {-!) G{n,X 2 )/k} = X 2 (-1)G2/A:. 

Thus, we deduce from (37) after using (57) and (58) and simplifying that 

(^A {Vz, 0 ; xi, G 2 ) - Xi (c) X 2 (&) A (z, 0 ; X 2 , Gi)) (1 + xi (-1) X 2 (-1)) 

= 27rixi (c) X 2 (b) s (d, c; X 2 , Xi)-(^ 2 ) B 2 (xi) - (cz + d) Bq (xi) P 2 (0, X 2 ) ■ 

c(cz + d) c 

(60) 

Notice that Pm (x, x) and Bm (x) correspond to the generalized Bernoulli functions and numbers 
denoted by x (~1) (a^j x) and x(~l)^m(x)j respectively, given in [8]. In the sequel we need 
the relations 


B 2 m+i (x) = 0 for even x, - 82 ™ (x) = 0 for odd x, and Bo(x) = 0 for x ^ Xo- 


(61) 


If xi and X 2 are non-principle Dirichlet characters with Xi(~l)X 2 (~l) = Ij then, by (61), 
(60) reduces to 

-4 (Vz, 0; xi, G 2 ) - Xi (c) X2 (b) A (z, 0; X2, Gi) = nixi (c) X 2 (b) s (d, c; X2, Xi) ■ 

For a principle character xo the Gauss sum reduces to the Ramanujan sum 

k 


Ck 


M) := ^ 


p27rmD / k 


v—1 


Supposing Xi=X 2 = X 07 (60) takes the form 


TTZ 


A (Vz, 0; Xo, Ck) - A (z, 0; xo, Cfc) = ttis (d, c; Xo, Xo) - ttt 


1 


2ck \cz + d 


+ cz + dj </>(k) B 2 (xo), 
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where we have used that Bq (xo) = </>(^) /k by (7). Here (j){k) stands for the Euler phi function, 
i.e., the number of positive integers not exceeding k which are relatively prime to k. 

Now we utilize (18) instead of (37), with the use of (27) for s = —2N, where N is an integer. 
Using (57) and (58) in (18), with Vz = —1/z, and assuming that xi (~1) X 2 (—1) = 1, we find that 

z^^A i-l/z,-2N- XI, G 2 ) - XI (-1) 71 (z, -2N- X 2 , Gi) 


/r) •\2A^+1 2N-\-2k—lk — l { \ ( 

(27rz) _ ^ Xi(-^)X2(-M-1) 


( 2 . 


2 7 -^ jji\ f2N + 2 — to ) 

.■x2Ar+l 2Ar+2 




2 fc 2 A^ 


E (-ir 


Bm (X 2 ) B2N+2-m (Xl) m-1 


m =0 


to! {2N + 2 — to)! 


(62) 


which can be equally written as 


2 N^G (n, X 2 ) G i-n/z, xi) _ 2 Ar-i 


E 

n—l 


^ ^ — 2-Kinjz 


-Xl (-i)E 


G(n,xi)G(nz,X 2 ) -2Ar-i 


n—l 


1 — e 


27rm2 


B^ (X2) B 2 N+ 2 -m (xi) ^-1 
2k2N ^ (2iV + 2-TO)!^ 

Indeed, setting m = v hk^ 0<v<k — 1^0<h< cx), in the double sum 

00 00 

H (z, -2N- xi,G2)='£Y. ^ ^ 2 ) 

we have 

H (z, -2iV; Xl, G 2 ) = ^ G (n, X 2 ) ^ xi («) ^ e 


(63) 


m—1 n—l 


k-1 


2'ninzh 


n—l 

00 


i;=0 


h—0 


= E 


G(n,X 2 )G(nz,xi) -2A^-1 


n—l 


1 — e 


2772712 


(64) 


Let 2 = TTijk^ in (63), where 7 > 0, and determine ^ > 0 by 7 ^ = irjk^. Then we see that 

(n, X 2 ) G (m/cy/TT, xi) _ 2 Ar-i 

7 2 ^-^- n 


n—l 


_ g — 2 nfc 7 


_ (_i) ^ Gin,Xl)Gi^nke/.,X2)^ -2N-1 


1 — e 


- 2 nke 


2N / ■'jTii (X 2 ) B 2 N +2 — m (xi) +1 — m / 2 a m / 2 

^ ^ ^ 777,1 r9/V-k 9 - rri.d^ 


= -fc2 


m =0 


to! ( 2 A^ + 2 — to)! 


(65) 


Setting Xl = X 2 = X, 7 = ^ = in (65) or z = i in (63) and assuming that x (~1) (~1)^ = ~1 
give 


G{n,x)G{in,x) - 2 N -1 k{2-K/k) 




2N+1 2N+2 


3 —27rn 


i: (-«' 


n=l 


m—Q 


Bm (x) -S2Af+2 — 771 (x) 

to! (2iV + 2 —to)! 


( 66 ) 


As a consequence of ( 66 ) we may write 


G (n, x) G (m, x) _i i d 1 i j., 

E - 1 _ e- 2 ^n - = -^1 (X) Bi (x) , for odd x, 


n—l 


G(n,x)G(m,x) d 1 i d 1 i r 

E- ^ _ g-27r« -^ (x) ^0 (^) ’ X’ 


n=l 


Stt 


G(n,x)G(m,x) 2 M -1 n r _/ 1 \ / 


E kjt yiL. 

1 


— e~ 


= 0, for X (-!)(-!)” =-l, M>2. 
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Now differentiate both sides of (62) with respect to z and then put Xi = X 2 = X and z = i. 
Under the assumption x (~1) (~1)^ = 1; obtain 


£ f; X (m) G (n, x) e-2— (n + 

m—1 n—1 ^ ' 

=- 5 - <’'•“'> m! ( 2 « + 2 -m)!^ 

m=0 ^ ’ 

Now we examine (65) for Xi— X- 


(67) 


Example 14 Let, in (65), xi = X 2 = X be the primitive character of modulus fc = 4 defined by 


Xin) 


0 , n even, 

1, n = 1 (mod 4), 
— 1, n = 3 (mod 4). 


( 68 ) 


Since Bm (1 ~ a^) = (—1)™ {x) and 


B 


m 



= 2-"^B 


m 



— m4 


(69) 


where Em is the m-th Euler number [1, p. 806], we have, for odd m, that 

Bm (x) = 4™-^ ^ X i-v) Bm (J) = f E^-1. 

i;—0 

Using G [ix, x) = — e“^^/^) and G (n, x) = X (xl) G (1, x) = 2ix in ), and simplifying 

give, for 76 = 7r^/16, that 


n—1 


sech ( 2717 ) 

„2Ar+l 


(-0) ^'^xin) 

n—1 


sech i2n9) 

„2Ar+l 


Af 


= 2 


2Ar' 


E(-»’ 


E 


2m 


E 2 N- 


2m 


^N—mnm 


m—0 


( 2 m)! ( 2 iV- 2 m)! 


(70) 


where we have used the fact that G (n, x) = X (n) G (l,x) fax primitive character x [4, P- 168]. 


We remark that in the case when x is primitive (62)-(67) have been given by Berndt [10, 12]. 
Formula (70) is also found in Ramanujan’s Notebooks; see Entry 21 (ii) on p. 276 of Berndt [14]. 
Also Entries 14, 15 and 25 (vii), (viii), (ix) in [14] are special cases of (70). Moreover, since formula 
(63) is a generalization of Theorem 4.2 in [12] from primitive characters to Dirichlet characters, the 
results of Theorem 4.2 in [12] are also consequences of (63). Historical informations and literature 
of (70) and their results can be found in [12]. 

Example 15 Let Xi = X2 = Xo with modulus fc = 4 in (65). Then we have 

G (ix, Xo) = ^ G (n, xo) = 2 (- 1 )" cos ( 7 rn/ 2 ) 

and by (69) 

B 2 m+i (xo) = 0 and B 2 m (xo) = ( 1 / 2 ), m > 0 . 

Replacing 7 and 6 by x/'I and 0/4, respectively, and simplifying give, for 70 = tt^, that 


n—1 


csch (717) 

772^+1 


(_0)-^^(_l) 

n—1 


csch (nO) 
n2Af+i 


Af+l 

= -2'"^+' ^ (-1) 


m 


m—Q 


B2m ( 1 / 2 ) B2N+2-2m ( 1 / 2 ) 

N-\-l — m nm 

(2m)! (2iV + 2-2m)!^ 


(71) 
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It follows for N = 2M + 1 that 


E(-i) 


csch (riTr) 
^4M+3 


2 M +2 

(- 1 ) 

m =0 


B2m ( 1 / 2 ) ^ 4 M+ 4 - 2 m ( 1 / 2 ) 

(2to)! (4M + 4-2m)!’ 


which was first proved by Cauchy as cited by Berndt [13]. 


(71) has been also established by Berndt [13, Theorem 3.1]. Historical informations and liter¬ 
ature of (71) and their results can be found in [13]. 

2. Let A = {/(n)} = {G(n,xi)} = Gi and B = {f*(n)} = {G(n,X 2 )} = G 2 , where xi and X 2 
are Dirichlet characters of modulus k. Then, Aa = xfi (a) Gi and Ba = xfi (a) G 2 for (a, k) = 1, 
and from (9) A = {xiin)} and B = {x 2 («)} • So that we find from (57), (58) and (37) that 


k(^A{Vz,0-,Gi,X2) - xi (c)x 2 (fe)24(z,0;G2,Xi)) (Xi (-1)+ X 2 (-1)) (72) 

+ 1™ (r (s) {cz + d)”'’ (1 -b e (-s/2) X 2 (-1)) L (s, G 2 ) G(0, xi) 

s ->0 \ 


- r (s) (1 + e (-s/2) XI (-1)) L (s, Gi) G(0, X2)n(-c)) 


TT? CZ -\- (i 

= 27rixfic)^{b) s (d, c; G 2 , Gi) - --^Ho(G 2 )H 2 (Gi) - 27r% (6) ^^Ho(Gi)P2 (0, G 2 ). 

c[cz + d) c 


Suppose that xi (—1)X2 (—1) = 1- Thus (72) yields 


A (Vz, 0; Gi, X 2 ) - Xi (c) X 2 (b) A (z, 0; G 2 , Xi) 

TTZ 

= -jriG (-c) iG (b) S (d, c; G 2 , Gi) + S (z; c, d; Xi, X 2 ), 


where 


S (z;c,d;xi,X 2 ) 


(0, Ck) log (cz + d), ifxi=X 2 =Xo, 

0, if Xi 7^ Xo and X 2 7 ^ Xo, 


and we have used (31) and that G(0, x) = 0 for x 7 ^ Xo and Bo{G) = 0. 
Note that the number Pi (0, G) can be evaluated as 


(73) 


(74) 


Pi (0, G) = x: G(-u, x)Pi (1) = E X U) 

v—0 j—1 

. k—1 k — 1 

= ^ E ^ (/) (’^//^) - 2 E ^ (/) ■ 

i=i i=i 


(75) 


In fact, the numbers Pr (0, G), r > 1, are closely related to the Dirichlet L-function L (r, x) ■ Let x 
be the Dirichlet character of modulus k > 2 and put x (—1) = (—1) • Alkan [2, Theorem 1] shows 
that if I and r > 1 have the same parity, then 

/ .|\Z+i I 

(27ri) ^ \qj 


k 

where S {m, x) = U /^)™ C (j, x)- Now, using the facts that 
4=1 


X] f * j Bqx'' = Br (x) and Br (1 — a;) = (—1)’' Hr (a;) 

q=0 

the right hand side of (76) may be written 

fc-i 

(-l)’'^G(-j,x)B. 

j=0 


(1) =(-!)" Hfci-’-p,(0,G), 
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which yields 


Pr{0,G) = -2 



r 

L (r, x), if / and r > 1 have the same parity. 


Furthermore since cot x is an odd function, it is seen for even Dirichlet character x that Pi (0, G) = 
0 if X Xo, and Pi (0, G) = Pi (0, Cfc) = -cj) (fc) /2 if y = xo- Therefore, ioi Vz = -1/z, (73) may 
be written explicitly as 


^ (— 1 / 2 ,0; Gi, X 2 ) + ^ 0; G 2 , Xi) 
A(-1/z,0;Gi,X2) - A(z,0;G2,Xi) 

A {-1/z, 0; Ck, Xo) - A (z, 0; Cfc, xo) 


- :L (1, Xi) L (1, X 2 ), for odd xi and X 2 , 

TTl 


2k V 2 


The counterpart of (64) for A (z, 0; Gi, X 2 ) is 


k — 1 00 / >. 

A (z, 0; Gi, X 2 ) = ^ Xi («) 5] 

n—1 


As before, let z = ni/kx, where 7 > 0, and determine d > 0 by yd = 7 r^/fc^. Then, for Vz = —1/z, 
(73) becomes 


00 fe-i . . , . 

y- y- Xi(^')X2(n) ^_i 

/ 2 g27riD//c—2n7 

n—1 


00 k — 1 


x2{-^)J2Y1 

n—1 


X 2 (^)Xl (^) -1 

2 ^-Kiv jk—T-nQ ^ 


TT? 

= ^Xi (-l)Pi(0,Gi)Pi(0,G2) 


where & (z; 1, 0; xi, X 2 ) is given by (74). 


Example 16 Let Xi = X 2 = X Dirichlet character of modulus k = 6 defined by 


X{n) 


1 , n = 1 (mod 6 ), 
— 1, n = 5 (mod 6 ), 
0 , (n, 6 ) > 1 


in (n). A simple calculation gives 

00 / \ — 2 / \ —1 

y- X{n)n y^ xjnjn 

^ 2 cosh ( 2717 ) — 1 ^ 2 cosh (2n0) — 1 

n—1 ^ ' n—1 ^ ' 


for 70 = 7rV36 


and 


E 


X{n)n ^ 

2 cosh (n 7 r/ 3 ) — 1 


4^’ 


for 7 = 0 = 7r/6. 


Example 17 Let Xi = X 2 = X ^6 primitive character of modulus fc = 3 defined by 


X{n) 


0, n = 0 (mod 3), 
1, n = 1 (mod 3), 
— 1, n = 2 (mod 3) 


(77). Then, for = 7 r ^/9 

00 /X _2 00 /X _2 

y^ X{n)n y^ x{n)n ^ tt 

■^2cosh2n7+l ^^2cosh2n0 + l 9\/3 

n—1 n—1 ^ 


(77) 


(78) 
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(79) 


Example 18 Let Xi = X 2 = Xo with modulus k = 4 in (77). Then we have, for = tt^, that 

^ ^ 1/1 1 \ 1 

^ 2^)(TT (l + e-(2"+i)7 “ 1 + e-(2"+i)e j ^ 8 ’ 

n—0 ^ ' 

which is same with Corollary 4-3 in [13]. Differentiating both sides of (79) with respect to 7 gives 

00 00 / ^ X 

'y^sechf (^(2n+ 1) ( (2« + 1) ) =1, 

n—0 

GO 

Yi +1) I) 


n=0 


n—0 


7T\ 1 


i.e., Corollaries 4-4 o.wd 4-5 in [13], respectively. 

3. Let A = {(—l)”xi(^)} s-nd B = {(—1)" X 2 (’t-)} ; where xi and X 2 are Dirichlet characters 
of modulus k. Assume that k is even and xi (~ 1 )X 2 (~1) = 1- Then, from (59), 

A = -^-{G(n + k/ 2 , xi)\ = -- C^, 


B = 


k 

X 2 (-1) 


{G(n + fc/2,X2)} = ^^i^Gt 


k ^ k 

Since ad — be = 1 and a = d = 0 (mod k) , b and c must be odd. It can be seen for {k, a) = 1 that 
G{an + k(2, x) = X (o^) G{n + k/2, x), which implies Aa = xT (~®) G*/k and Ba = xfi (~ct) G\jk. 
Also 


Pm (x, Ac) = xi (-c) A:™ ^ Y (“!)” Xi (?^) Bm = Xi (-c) P/k (x, Xi) 

i ;=0 


(80) 


and 


Ck / r} \ 

s{d,c-Bb,Aa.) = Xi i-c) X 2 {b)Y X 2 (n) Pi {^) B* (81) 

n=l ^ ^ 

= Xi (-c) X2 (b) S* {d, c; X2, Xi), 

where P/^ {x,Xi) and s* (d, c; X2, Xi) are the alternating Bernoulli function and Dedekind character 
sum defined in [23]. Finally put 


OO OO 


n+-,x]e 


2‘Kinmzl k ^s — 1 


Ai (z, s; X, G*)=YYi (“1)™ 11M G 

m—1 n—1 

Now using (57) and (58) with the notations above we deduce from (37) that 

Ai (F2;,0 ;xi,G 2) - Xi (c) X 2 (0 (^,0;X2,Gi) 


= TTixi (-c) X 2 (b) s* (d, c; X 2 , Xi) - 


2Tri 


TTl 


c{cz + d) 




-(cz + d) X 2 i-b) B^(xi)Bf ( 0 ,X 2 )- 


(82) 


Notice that when Xi = X = X 2 is primitive, (82) has been given by Meyer [23, Theorem 3]. Similar 
to (64), one has 


Ai ( 2 ,s;xi,G;) = ^ 


G7+|,X2)G(nz+f,xi) ,_i 


1 — 


Set 2 ; = Tri/fcy, where 7 > 0, and determine d > 0 by yd = tt^/A:^. Then, for Fz = —l/z, (82) 
becomes 


E 


G(n+|,X2)G(H(^ + |,Xi) - G(n+|,x0G(H^ + |,X2) 


n(l - 


-X2 (-i)E 


n (1 — 


n—1 ^ ' n—1 

= mP[{0,^)P({0,xl) - kxB*mB*{-^) + 0kx2 (-1) B*{fa)B*2 {xD ■ (83) 
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Example 19 Let, in (83), Xi = X 2 = X the primitive character of modulus k = A given by 
(68). From [23, Proposition 1] 

k-l 

(-l)”xi(«) = 0 for even k and x ^ Xo 

v—Q 

we have B^fx) = 0 . Using G{nz + k/2,x) = and G{n + k/2,x) = 

—2ix in), and simplifying we deduce that, for 76 = 

00 / \ 00 / \ 

X W X w ^ ^ 

^ n ('e"T '/2 + e“"T'/ 2 ') ^ n _|_ g-ne/ 2 ') g’ 

n—1 ^ / n=l ^ / 

which is special case of (70). 

Example 20 Let Xi = X 2 = Xo with modulus k = 8 in (83). Some arguments give Pf{0,xo) = Oj 
i?o*(Xo) = -4, B 2 *(Xo) = -2 (i32(l/8) + S2(3/8)) and 

G [nz + k/2, x) = |'g«nz /4 _ 

Hence, with some simplifications, for 7 ^ = 7 r^/ 4 , 

^ (_l)»g- 12 n. ^ (_l)»g- 12 n^ ^ [IL _ ^ I ( _ 

^ nsmh(2nx) ^nsmh.(2ne) '' ^Ul92 192 / 3 ^^ 

Example 21 Let, in (83), Xi = X 2 = X ^^6 Dirichlet character of modulus k = 6 given by (78). 
Using Bq{x) = 0 and G (nz + fc/2,x) = ^^ 2 -mnz/'i _ g- 2 Trmz/ 3 ^^ simplifying we deduce, 

for 70 = 7 r^/ 9 , that 


Ef-i) 

n—1 


sin (27rn/3) cosh ( 717 ) 
n (2 cosh ( 2 n 7 ) + 1 ) 


n=l 


sin (27rn/3) cosh (nO) 
n (2 cosh ( 2 n 0 ) + 1 ) 


TT 

9’ 


7 Some examples 

In this final section, we deal with Theorem 8 for the special values of ^ = {/(n)} and B = {f*{n)} . 
Xi and X 2 will denote Dirichlet characters of modulus k, and xo still stands for principle character. 
1. When A = B = L, 




c-l 


dn\ 

c J 


1 ^ 1 
+ 4 - sKc) + - 


and from (43) we have s {—c,d; I, I) = —s{c,d) + 1/4. So, Theorem 8 reduces to the reciprocity 
formula for the classical Dedekind sums given by (1). 

2 . Let A = xi = {Xi(^)} and B = X 2 = {X 2 {n)} . Then, using that s {c, d', Ac, Bf) = 
Xi (c)X2 {b) s (c,d;xi,X2) and Pm (0,2!^) = x (c) Pm ( 0 ,Xi) =x{c)Bm (xi) /w!, we have 


s(c, d; Xi,X2) + s(d,c;x2,Xi) 

= -^i(xi)-Bi(x 2 ) + + (^ 2 )S 2 (xi) + ^^(c)So(xi).B 2 (x 2 ), (84) 


where we assume that xi (~1) X 2 (~1) = 1; otherwise s (c, d; xi, X 2 ) = 0. This can be simplified by 
using (61). 

In the case when xi an X 2 are primitive, s(d, c;xi,X 2 ) arises in the transformation formula 
derived by Berndt [10] and is generalized in [18]. The sum s{d,c]XjX) is first defined in [ 6 ] and 
[11, Section 7] according to x is primitive or non-principle Dirichlet character. 
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3. Let A = xi = and B = G 2 = {G{n,X 2 )} ■ Using that Bq {B) = Bq {G 2 ) = 0, 

Pm{x,Bb) = X 2 {b) Pm{x,G 2 ) and s {d, c\ Bb, A^) = xi (c) ( 6 ) s (d, c; 6 * 2 , Xi), Theorem 8 be¬ 
comes 

s (c, d; xi, G 2 ) + s (d, c; G 2 , Xi) = “Xi (-1) X 2 (-1) -Pi (0, Xi) -Pi (0, G 2 ) 
when xi and X 2 are non-principle, and 

s(c, d;xo,Cfe)-Fs(d,c;cfc,xo) = --Po(xo)-P 2 (0, Cfe) 

c 

when xi = X 2 = Xo- 

Note that for fc = 2, provided that d is even with (d, c) = 1, the sums s(c, d;xojC 2 ) and 
s (d, c; C 2 , Xo) can be expressed in terms of the sums s (c, d) and S 2 (d, c) as 

s (c, d; Xo, C 2 ) = 2s (c, 2d) — 3s (c, d) -I- s (2c, d), 

s (d, c; C 2 , Xo) = S 2 (2d, 2c) - S 2 (d, 2c), (85) 

where S 2 (d, c) is one of the Hardy-Berndt sums defined by [13, 19] 

«we) = g,-irp.(=)p.(;h). 

n—1 ^ ' 

These expressions follow from the fact Pi {x + 1/2) = Pi (2x) — Pi (x). 

Remark 22 If we set A = G 2 = {G{n, X 2 )} and B = xi = {xi(^)}; iben with the use of Bq (A) = 
Bo (G 2 ) = 0, Pm {x,Ac) =X 2 (c) Pm (a:, G 2 ) and s {d,c-,Bb,Ac) = Xi (b)^(c) s (d,c;xi,G 2 ), The¬ 
orem 8 would become 


s{c,d; G2,Xi) + s(d,c; Xi,G 2 ) = -Xi (-1)X2 (-l)-Pi (0,Xi)-Pi (0,G2) 


when xi and X 2 are non-principle, and 

s{c,d; Cfe,xo) + s(d,c;xo,Cfe) 



-^Bo{xo)P2 (0,Cfc) 


when xi = X 2 = Xo- 


4. Let A = {G(n,xi)} = Gi and B = {G(n,X 2 )} = G 2 . One has Ac = {G(cn, xi)} = 
{xi (c) G(n, xi)} = xT (c) Gi and Bc = X2 (c) G 2 for (c, k) = 1. Thus, we have Bq (A) = Bq (B) = 
0, Pi(0,B_c) = H(-c)Pi (0,Gi) and s {d,c;Bb,Ac) = ^ (c) (6) s (d, c; G 2 , Gi). Then, for 

Xi=X 2 = Xo, ^ 

s (c, d; Cfc, Cfe) -I- s (d, c; Cfc, Cfc) = -</ (fc) (f (fc) 

and for xi ^ Xo and X 2 ^ Xo, 


s (c, d; Gi, G 2 ) -l- s (d, c; G 2 , Gi) — —Pi (0, Gi) Pi (0, G 2 ). 

In particular, for fc = 2, provided that d is even with (d, c) = 1, 

s (d, c; C 2 , C 2 ) = 2s 2 (d, 2c) — S 2 (2d, 2c) -I- 

5. B = {(—1)” Xi(’^)} and P = {(—1)” X 2 (^)} • If fc is even, then the sequences A and B have 
period fc = fc. If fc is odd, then A and B have period fc = 2k. In both cases b and c must be odd 
since ad — be = 1 and a = d = 0 (mod fc). Using (80) and (81) in Theorem 8 gives 

■s* (c, d; xi, X 2 ) + Xi (-1) X 2 (-1) s* (d, c; X 2 , Xi) 

= -X2 (-I)-Pi* (0,^)Pi* (0,n) + B^{xi)B^{xi) 

+ -xi{c)B*{xi)P^ {0,xi) + ^xi {-l)xi{-b)B*{xi)Pf (0,^) ■ 

c a 
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For non-principle characters xi and X 2 , this reduces to 

s* (c,d;xi,X 2 ) + Xi (- 1 )X 2 (-l)s* (d,c; X 2 ,Xi) = -X 2 (-1)^’* (0,^)Pi (0,^) ( 86 ) 

since i?Q(^) = = 0. Remark that ( 86 ) has been obtained by Meyer [23, Theorem 4] when 

^ = X 2 = X is primitive character of modulus h = k (k even). 

6 . Setting A = |e27rm/fc| B = A = |/('n.)|. In view of (9), we have 

f(n) = 1 V = / ^’ iin=l (mod k) 

^ [ 0 , ifn^l(modfc). 

Then using that Bo{A) = 1, So = 0, = -Pi(c/fc), P 2 (o, = P 2 (c/fc), 

Pi (0, A-c) = —1/2 — {i/2) cot (nc/k) and 



reciprocity formula becomes 

s ^c, d; Ac, Ab'j + s (d, c; At, A^ = -Pi {c/k) + ^ cot y ^ -f ^P 2 . 

In this case the periodic Dedekind sums take form 


dk 


n—1 

c-1 


n N f c{d + n) 


C—1 y 

s {d,c-,At,A^ = Pi f 

/i=0 


p^( dkfi 


c k 


\ c 


since c? = 0 (mod k). 

If we take k = 2 , provided that c is odd, then we have 


s (^c, d] Ac] At^ + s (^d, c; At] Ac^ 


Ac 


d 


(87) 


where we have used that Pi (c/2) = Pi (1/2) = 0 and 2P2 (c/2) = 2P2 (1/2) = P2 (1/2) = (1/2)^ — 
1/2-k 1/6 = -1/12. 

Remark 23 Using Pi (a; + 5) = Pi { 2 x) — Pi (x), we have 

s ^c, d] Ac] Ai^ = S2 (2c, 2 d) — S2 (c, 2 d) 

and from [ 15 , Eq./S./)] 

. (,.3..,). .gp. (^ . 1)(;fe) - g P, (^. i)(3^) 






= 2s {d, c) -f S 3 1^-, cj - s { 2 d, c) - -S 3 {d, c), 
where S3 {d,c) is one of the Hardy-Berndt sums defined by [ 13 , 19 [ 

c-l 


S3 


(d,c) = y](-l)"Pi 


n—1 


dn 


Then ( 87 ) becomes 

2 s {d, c) - s { 2 d, c) + S 2 ( 2 c, 2 d) - S2 (c, 2 d) + S 3 {d/ 2 , c) - ^ss {d, c) = 

Z z4c 
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